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1 Introduction 

The aim of this paper is to study the equilibrium states of following infi¬ 
nite particle system in continuum. We consider a countable collection 7 of 
identical point particles chaotically distributed over a Euclidean space X 
(= M'^). Additionally, we assume that each particle x G 7 possesses internal 
structure described by a mark (spin) (Jx taking values in a single-spin space 
S (= R™') and characterized by a single-spin measure g on S. Each two 
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particles x, |/ G 7 interact via a pair potential given by the sum of two 
components: 

(i) a purely positional (e.g., distance dependent, possibly singular or hard¬ 
core) background potential 

$ : X X X —)■ M U {-l-oo}, <h(x, I/) = $(?/, x), x,yeX; ( 1 ) 

(ii) a (position dependent) spin-spin interaction of the form J^yW(a^, (Ty), 
where 

J : X X X ^ M and hh : ^ X ^ ^ M ( 2 ) 

are symmetric functions. 

For technical reasons we suppose that the interaction has hnite range, 
i.e., there exists R> 0 such that <F(x, y) = 0 and Jxy = 0 if |x —1/| > i?. 

The whole system is then governed by the heuristic Hamiltonian 

^ ^{x,y)+ JxyW{ax,ay) 

{x,y}C'y H,y}C7 

on the phase space r(X, S) consisting of marked conhgurations 7 = {(x, cTa,)}, 
where the corresponding position conhguration {x} belongs to the space 

r(X) ;= {7 C X : N ( 7 a) < 00 for any A G H,(X)} . ( 3 ) 

Here Bc{X) is the collection of all compact subsets of X and N ( 7 a) denotes 
the number of elements of 7 a := 7 H A. In what follows, we will use the 
notation 7a := {(x, ax), x G 7a}. 

The equilibrium states of the system are described by certain probability 
measures r(X, S'). In absence of the interaction, the equilibrium state is 
unique and given by the marked Poisson measure 

^(c^7) = (^g{dax)T^{d-i), 

where tt is the Poisson measure on P(X) with intensity (particle density) z > 
0 , see m. If the interaction is present, the equilibrium states are given by 
marked Gibbs measures y on P(X, S) that are constructed as perturbations 
of TT by the (heuristic) density exp where /? > 0 is the inverse 

temperature of the system. Rigorously, any such /i is a probability measure 
on P(X, S') with prescribed conditional distributions y (dq | 7 x\a = 7), 7 £ 
P(X\A, S'), for a system of sets A G Bc{X) exhausting X, which are given by 
the Gibbs specihcation kernels nA(d7|7) of our model (see formulae flTTD . 
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ffT5]) ). This constitutes the standard Dobrushin-Lanford-Ruelle formalism 
described in details in Section 12.21 

We denote by Q the set of all such measures (for hxed T and g). The 
study of the structure of the set ^ is of a great importance. In particular, 
there are three fundamental questions arising here: 

(E) Existence: is Q not empty? 

(U) Uniqueness: is Q a. singleton? 

(M) Multiplicity: does Q contain at least two elements? 

In this paper, we derive sufficient conditions for (E) and (U). We intro¬ 
duce the set Q* <Z Q tempered Gibbs measures, which are concentrated on 
the space r*(X, S) of conhgurations with certain bounds on their density, see 
fl25|l . fl26|) . Under reasonable stability assumptions on the interaction poten¬ 
tials <h and hU, we will prove that the set is not empty (Theorem [2]) and, 
moreover, that is a singleton provided the couplings J^y and the particle 
density z are small enough (Theorem [3]). To prove the existence, we use the 
extension of the method developed in iza for the case of interacting particles 
without spins. The crucial technical step here is to prove uniform bound 
of certain exponential moments of the corresponding specihcation kernels 
IIa (<^7|h) for ^riy tempered boundary condition g. This in turn allows to 
show the compactness (in the topology of local set convergence on r(X, S)) 
of the family {IIa (dy \g), A G Bc{X)} and thus the existence of the limiting 
points, which can be identihed with elements of 

In order to study the uniqueness, we represent the conhguration space 
r(X, S') in the form r{Q,S)^ , where Q is a cube in X, via the natural 
embedding C JA, and use the result of [S], Theorem 2.6], which develops 
the Dobrushin-Pechersky approach to the uniqueness problem for lattice-type 
systems iia, see also [331 Theorem 4] and [21 Theorem 3], where this method 
is applied to continuum systems (without spins). The uniform exponential 
moment bounds allow us to control the interaction growth and to check the 
conditions of the Dobrushin-Pechersky theorem. As a by-product of our 
method we also prove a decay of correlations for the (unique) Gibbs measure 
(Corrolary 0]), which seems to be entirely new for such systems. 

Let us note that the general theory of Gibbs measures with the Ruelle- 
type (super-) stable interactions on marked conhguration spaces can be found 
e.g. in [23], PP, US] and [22] • However, it is essentially restricted to bounded 
spins and hence does not apply to our model (see Remark ED . The case of 
unbounded spins and non-attractive interactions has not been treated so far 
in the literature. 
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We note that Question (M) has been discussed in the complementary 
paper [7]. 

The structure of the paper is as follows. In Section |2] we give the rigorous 
description of our model (Subsections 12 .1112.2112.3jl and formulate the main 
results 1 subsection 12.4jl . Section [3] is devoted to the derivation of the mo¬ 
ment bounds. In Section 01 we prove our main existence result - Theorem [21 
Section 0] deals with the uniqueness problem. We start with the lattice repre¬ 
sentation of our model fSnbsection 15.111 and prove Theorem [3] in Subsection 
15.21 In Appendix, we present proofs of several technical lemmas. 

2 The model and main results 

2.1 Marked configuration spaces 

Consider the conhguration space r(X) dehned by formula ([3]). It can be 
endowed with the vague topology, which is the weakest topology that makes 
continuous all mappings 

r(Jf)3 7H4{/,7):=^/M, /eC„(A'). 

x£'f 

It is known that this topology is completely metrizable, which makes r(W) 
a Polish space (see, e.g., m Section 15.7.7] or |35l Proposition 3.17]). An 
explicit construction of the appropriate metric can be found in m- By 
V{T{X)) we denote the space of all probability measures on the Borel a- 
algebra i3(P(X)) of subsets of P(X). 

Let us now consider the product space X x S, where S = is another 
Euclidean space. The canonical projection px : X x S ^ X can be naturally 
extended to the conhguration space P(X x S). Observe that for a conhgu¬ 
ration 7 G P(W X S') its image Pxix) is a subset of X that in general admits 
accumulation and multiple points. The marked conhguration space P(W, S') 
is dehned in the following way: 

P(W, S) := {7 e P(X X S) : pxi^) e P(X)} . (4) 

The space P(X, S') will be endowed with a (completely metrizable) topology 
dehned as the weakest topology that makes the maps 

P(W,^)3 7^(/,7 ) (5) 

continuous for all bounded continuous functions / G X x S ^ M such that 
supp/ C A X S', for some A G Bc{X), i.e. with spatially compact support. 
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This topology has been used in e.g. and [23] . In what follows, we will 

call it the r-topology. Notice that (r(X, S'),r) is a Polish space, cf. Section 
2 in [6], where a concrete metric that generates the topology r is given. We 
equip r(X, S) with the corresponding Borel a-algebra i3(r. S'). 

Along with r(X, S') we will also use the spaces r(A, S'), A G Bo{X), 
and the space ro(-A, S') := UAeBo(v) ^(A, S') of hnite marked conhgurations, 
endowed with the Borel a-algebras i3(r(A, S')) and B (ro(^, S')) respectively, 
which are induced by the Euclidean structure of X. It is known that 

B{To{x, s)) = {A n ro(x, ^): A e S(r(x, s))}. 

The spaces r(A, S) and ro(X, S') can be identihed with the corresponding 
subspaces of r(X, S') via the natural embedding. Clearly, these subspaces 
belong to B{T{X, S)) and a-algebras B{T{A,S)) and i3(ro(X, S')) can be 
considered as sub-algebras of B (r(X, S')). 

On the other hand, we can introduce the algebras i3A(r(X, S')) of sets 
Cb ■= {7 ^ r(^) : 7a £ B}, B G i3(r(A, S')) and dehne the algebra of local 
(cylinder) sets 

Bi,,{T{X,S)):= IJ Ba{T{X,S)). (6) 

A£Bo(X) 

In a similar way, one introduces the spaces r(A), ro(X) and the correspond¬ 
ing algebras i3(r(A)), i3(ro(X)) and Bioc (r(X)). 

Observe that the space (r(X, S'), i3(r(X, S'))) can be obtained as a pro¬ 
jective limit of spaces (r(A, S'), i3(r(A, S'))), A G Bc{X), with respect to 
projection maps 


PA2,Ai ■ r(A2, ^) 9 7 ^ 7Ai := (7Ai, ^ r(Ai, S). 


(7) 


The space r(X, S') has the structure of a hbre bundle over r(X) with 
hbres Px^{'y), which can be identihed with the product spaces 

xG7 

Thus each 7 G r(X, S') can be represented by the pair 

7 = ( 7 , a^), where 7 = pxij) e r(X), ^ 5"^- 


It follows directly from the dehnition of the corresponding topologies that 
the map px ■ r(X, S') —?■ r(X) is continuous. Thus for any conhguration 7 
the space S"^ is a Borel subset of r(X, S'). 

Given a set A C X we will systematically use the notation A := A x S'. 
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2.2 The model 


In this section, we will give the rigorous dehnition of Gibbs measures asso¬ 
ciated with the interaction potentials ([I]), ([ 2 ]) and the single-spin measure g, 
and introduce the conditions that guarantee ^ 7 ^ 0. 

We dehne the energy function H : ro(X, S') —?■ M by the formula 

%);=Sf( 7 ) + i?,(cr), ^eTo{X,S), ( 8 ) 

with 

H{l)= Y. ^{x,y) and Ey{a) = E Jxy^X (^(T X ^ . (9) 

{x,y}C'y G, 2 /}C 7 

For any A G Bc{X) dehne the relative local interaction energy 

i?A(7A \v) ■■= H^ilA \v) + E,,,y{a\a, v = iv,0 e r(A,F), ( 10 ) 

where 

^a(7a \v) = ^(7a) +YY1 

3;67a 2/G7AC 

and 

10 ~ -^7a(‘^7a) “I" E E JxyW{ax,iy). (11) 

xejA 2 /g»?ac 

We assume that the single-spin measure g on S has the form g{ds) := 
where V : R —)■ M is a measurable (bounded from below) function. 
For A G Bc{X) we introduce the local Gibbs state at inverse temperature 
/5 > 0 by the formula 

hA (djA) := ^A(0"^exp [-0a{ia I0) A(ci7A) G ^(r(A, F)), (12) 

where A (dyA) := ^ gidcx) ^{d'jA) and A is the Lebesgue-Poisson measure 
xG'ya 

(with intensity dx and activity parameter z) on BiociXi.^)) e.g. [ 2 T] . 
[25]h Here 

^a(0 := j exp [-0a{ia I0) K^Ia) (13) 

is the normalizing factor (called the partition function) making a proba¬ 
bility measure on F(A, S) (provided Za(ji) 7 ^ 0, which will be the case under 
certain conditions on the interaction potentials, cf. Proposition [T^ . Next, 
we can dehne a Gibbsian specihcation kernel Ha (■ I 7 ) G V(T{X, S)) by the 
formula 

Ha {B \g) := ^ (Ha^) , (14) 
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where 5 a,:= {7 e r(X, ^) : 7 a U 7a= e B} e B(T{A, S)), B e B{T{X, S)), 
so that the following integral relation holds: 

[ F(7)nA (ci7l7) = / ^(7 a U 

^r(A:,s) J'r{x,s) 

xexp (-/35 a(7a|7)-/?^ 7 AUr,Ac((^ 7 A IO)^(c^7a), (15) 

where F is a positive measnrable fnnction on r(X, S') and rj = (r/,^ ^ 
r(X, S). The normalizing factor Z/^(^) makes If a (^7 |? 7 ) a probability mea¬ 
sure on r(x, S). 

The family If := {IIa {cFf \v)} AeB^ix) v&r{x s) constitutes a Gibbsian spec- 
ihcation on r(X, S) (in the standard sense, see e.g. [13], [Ml)- In particular, 
it satishes the consistency property 

[ nAi(5|7)nA2(d7l7) = nA2(5|r)'), (16) 

Jr{x,s) 

which holds for any B G B{V{X, S)), rj G r(X, S) and Ai, A 2 G Bc{X) such 
that Ai C A2 (and thus Ai C A2). 

Let z/ be a probability measure on r(A, S'). We say that is a Gibbs 
measure associated with the specihcation 11 if it satishes the DLR equation 

u{B) = f Ha (5 17 ) u{dj) (17) 

Jr{x,s) 

for all B G 5(r(A, S')) and A G Bc{X). We denote by Q the set of all such 
measures. 

In what follows, we introduce certain conditions on the interaction po¬ 
tentials $, J, IT, V, which will guarantee that 7 ^ 0. For that, we consider 
a partition of X by ‘elementary’ volumes. Denote by Qk the cube in X with 
side length 1, centred at point k, k = {k^^\ ..., G that is, 

Qk:= {x = e X : G - 1/2, + 1/2)} . (18) 

Assumptions on the interaction potentials are as follows. 

(AI) Finite Range: <F(x, y) = 0, J^y = 0 if |x — 1 /| >5, for some R > 0. 

(A2) Local strong super stability of 5: 3 P > 2 such that 

P(7fc) > - P$iV(7fc), 7fc G F(gfc), (19) 
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for any k E and some constants Aq> > 0, Bq> > 0 (which may depend 
on k). Observe that flT^ is equivalent to the following (global) strong 
super stability condition; 3 > 0 , B'^ > 0 such that 

//(t) >A'^Y. 71, = 70.. (20) 


for any 7 G ro(X). 

(A3) Polynomial bound on W, that is, 3 r > 0 and Cw £ R such that 

\W{u,v)\ < \u\'' + |n|'' + Cw^ u,v E X. 

(A4) Polynomial lower bound on V, that is, 3 qv E N and ay, by > 0 such 
that 

l/(s) > ay - V, s e (21) 

(A5) We assume that P, qy and r satisfy the relations 

(P-2)(gy/r-l)>l. (22) 

Remark 1 One of the best-understood examples of the strong super stable in¬ 
teraction is given by the potential satisfying the bound $ {x, y) > c\x — 
as \x — y\ ^0, in which case P = 2 + e. For a detailed study and historical 
comments see IWf and also Remark 4.1.]. 

It is obvious that g{S) < 00 under Condition ([2T]). Without loss of 
generality we assume that 5 ^ is a probability measure. 

2.3 Notations 

Throughout the paper, we will use following notations (for k E Z^)\ 

Pfc := r(Qfc); Ik := 

Pfc := r(Qfc, -S'); 7fc := 

dk := {j : dist (Qfc, Qj) < R} , where ‘dist’ is the Euclidean distance between 
two sets 

No := N{dk)] obviously, it is independent oi k eZ^ and finite 
ATa := {kEZ<^: dist (Q^, A) < P}, A G B^^X) 

Aji := {x E X : dist (x. A) < R} 
dAji := Aji \ A = A'^ n Aji E Bc{X) 
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2.4 Main results 

Let us fix p, g G M such that p < P, q < qv and 

{p-2){qr-^-l)>l. (23) 

Observe that such p and q exist because of condition ([ 22 )). Dehne functions 
F : ro(X, S)^R and : r(X, ^ M by formulae 

F( 7 ) = iV( 7 )P + ^|cT^|^ 7 = ( 7 ,a), (24) 

xG7 

and 

Fa{j) = supe““l''lF(7fc), 

respectively. Introduce the space of tempered conhgurations 

r*(X, S) := {7 G r(X, S) ^ 0 ( 7 ) < cxo for any a > 0} (25) 

and the set of Gibbs measures that are supported by r*(X, S) {tempered 
Gibbs measures), i.e. 

6‘:={lieg:Mr\X,S)) = l}. (26) 

The following three theorems summarize the main results of this paper. 
Theorem 2 (Existence) 

(i) The set is not empty. 

(a) Any p E satisfies the estimate 

sup / exp{aF( 7 fc)}p (dy) < oo (27) 

Jt{x,S) 

for all a G M. 

Let II • I loo denote the usual sup norm . 

Theorem 3 (Uniqueness) For any fixed fio > 0, one can find constants Jq = 
j7o(/9o) o^nd zq = Zoifio) such that is a singleton at all values of (3 < 
||d||oo < Jo and z < Zq. 
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A result that seems to be completely new for this type of systems is the 
decay of correlations of the Gibbs measures. Consider bounded functions 
Gi, G 2 : r(X, S) —M+, such that Gi is (r(X, S'))-measurable and G 2 is 
S'))-measurable, for some ki, ^2 G Let [x] denote the smallest 
integer not less than the real number x. 

Set 

GoVfj_{Gi, G 2 ) '■= /i(GiG2) — /i(Gi)/i(G2). 

Theorem 4 (Decay of Correlations) In the conditions of the above theorem, 
let fi be the unique tempered Gibbs measure. Then, there exist constants c 
and a such that 

\Gov^{Gi,G2)\ < c||Gi|U||G2||ooexp{-ar|fci-A;2|/i?l}. 

Remark 5 The result is simply a consequence of Theorem 2.7], where 
a precise form for the constants c and a is given. Hence, the proof will be 
omitted. 

Remark 6 In JJi [13, \2^ \23], a theory of Gibbs measures on marked config¬ 
uration spaces that satisfy Ruelle’s stability, respectively superstability condi¬ 
tions has been developed. To this end, one has to require the following bounds 
on the energy: 


> A 1 I 7 I — Bi resp. 

H{^)>A,,Y,\'1k?-B-A'l\, ieT„{X,S), ( 28 ) 

kez<^ 

with some Ai, Bi, A 2 , B 2 > 0. Obviously, this is impossible in the case of 
unbounded marks G and the interactions like in m-m- However, tak¬ 
ing the Lyapunov functional Fiffk), cf. instead of the squared counting 

map | 7 fcp in /f^) . we can develop an analogue of Ruelle’s superstability esti¬ 
mates and construct the corresponding Gibbs states v satisfying the regularity 
condition 


sup 

iiTeN 


K 


—d 




\<K 


;= G(7) < cx), 


V 7 Gr(A:,^) (modp). 


As for the uniqueness problem for such Gibbs states, one has to develop a 
harmonic analysis on the marked configuration spaces and a theory of the 
Kirkwood-Salsburg equations for the corresponding correlation functions. So 
far, this was done via cluster expansions in under condition / f^) which, 
as already mentioned above, does not cover our model. However, these issues 
are beyond the scope of the present work. 
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The proofs of the above results will be given in Sections 0] and 0 respec¬ 
tively. 


3 Exponential moment estimate 


The aim of this section is to prove a uniform estimate of exponential moments 
of specihcation kernels, which will be used in the proofs of Theorems [2] and [21 
For a subset K. C Z'^, consider the union of elementary cubes Qic := Ufce/c Qk 
(cf. (lT8|) i and the corresponding set Qk. = Qk. x S. 


Theorem 7 For any a G M and any fixed /9 > 0 there exists a constant 
T = 'h(a) < oo such that for all ( G r*(X, S'), K. and k E tC, the 

following estimate holds: 


lim sup / 


exp {aF{fik)} (dfi 


c <^. 


(29) 


In order to prove the theorem, we need some preparations. Observe hrst 
that Condition (120]) immediately implies the following lower bound: 


x^y 


(30) 


Thus there exists M > 0 such that 


inf<I)(a;, y) > —M. 

x^y 


(31) 


We start with the formulation of two auxiliary results, which will be proved 
in Appendix. 


Lemma 8 For any G T^, k E , and rj E r(X) we have 

- Hgfi'yk \v) < + y 

jadk 

(32) 


Remark 9 Similarly, inequalities / fOdj) and (EIJ) imply that for any A G 
^c(r) we have 

-^A(7A|h) = ^ <h(x,|/) 

3:e7A y&VdAji 

< -A',, Y1 + 5$iV(7A) + MiV(7A)iV(yaAJ33) 

keK^ 

so that 

- /^a(7a \v) < 5$^^(7a) + MiV(7A)iV(7aA«). (34) 
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Lemma 10 For any e > 0, the conditional spin energy function |0 

satisfies the following estimate: 


101 — 


C'iiV( 7 fc) 


2+6 


+ 172 |a, 

j&dk ^G'Yk 


|r(l+e) 


+C4 

j&dk 

y&Vj 


where Ci,...,C '4 are some positive constants (depending on Nq,Cw and e) 
and by ||J|loo we denoted the sup norm of J. 

Remark 11 For any A G i3c(r) we have (similarly to / f+^) ) the ineguality 


W<^a|?)| < ||J|lco[(A'(>)8A„)+2Af(7A)) 5^ Kr + A'(7A) k. 


3;e7A 


y^VdAr 


+ (iV(7A)' + iV(7^)A0aAj) • (35) 


Lemma 12 The partition function satisfies the estimate 

1 < ZAijf) < oo (36) 

for all A G Bc(X) and rj G r(X, S). 


Proof. The first inequality follows from the dehnition of the Lebesgue- 
Poisson measure A and the fact that -ffA(7A \v) = 10 = 0 

vided A = 0. The second inequality follows from estimates fl33l) and ([35]). 

□ 

Proof of Theorem O The proof is technical and will be split into two 
steps. 

Step 1. One-point estimate. 

Let us £x /c G and introduce the notation 


^kiv) ■= / exp{aF(7fc)} {d% 



Z^\r])exp 




(aA(7fc)P - fdHQ^ir^k \v)) + a ^ - (3E^^^^{ak |0 




(^g{da^) Xid'jk), 


12 






where ^=(^ 7 , 0)7 = Observe that 

J exp (bi ^ 9{da^) = (^J ^xp (bi |s|'’"j g{ds)^ 

= exp (Ofei,fe2A^(7fc)), 

for any &i G M and b2 < qv, where 

Ofei,b2 = 111 / exp (bi g{ds) < oo. 

V s 

Taking into account that ZQ^_{rj) > 1 (cf. fl 36 |) i we see that 

Xfc(7) =Xfc(7,0 

<[ [ exp J(aiV(7fcf-/3i7Q^(7fc|7)) + a^ |a^|^-/3E^,,^(afc|0 

dfi'(o'x) Hdlk), ( 37 ) 


xe'Tk 


which in turn implies (by Lemma [TU]) the inequality 

d^k{v,0 


< / exp<{(aiV(7fc)i’-/3i7Q,(7fc|7))+/5||^||ooC'iiV(7fc) + Cb,,b2N{'yk) \ X{d-fk) 


X exp \ / 3 \\J\U [C2 + Ca EEI& 

j&dk j&dkydrjj 


r(l+e) 


, ( 38 ) 


where bi = /9||J||ooC'3 + a, 62 = max {r(l + e),q}. Using estimate fl 3 ^ we 
hnally obtain 

^fc(h,0< [ exp (-/3A$iV(7fc)^+ P(iV(7fc))) Xid'jk) 


Tk 


j&dk 


C2 *'(%)’+'"+C 4 I?, 


|r(l+£) 


jedk 


jedk yGr]j 


where X(iV(7fc)) := aiV(7fc)i’+^iV(7fc)2+/35^iV(7fc)+/3|| J|looOiiV(7fc)2+-“V 
Cbub2X^{'lk), SO that 


Mv,i) < e^Vxp .j C,N(r,jf+‘-' + /J|| JHeoCi |5, 

jGdk L yer]j 


r(l+£) 


( 39 ) 
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with Cs =/^llJlIooC-a + ^ and 


Co = Co(a, / 3 ) = In / exp (-/3A$iV(7fc)^ + P(iV(7fc))) X{d-fk)- 

Observe that Cq < oo because P > degree V = max (2 + e“^,p) and > 0 . 

Step 2. Volume estimate. 

'c 


Introduce the notation nk{ICX) ■= la /r(v 5) ^Qk 

An application of equation ffT^ shows that 

nk{XZ,Q = In [ Ikiv) (drf () . 

Jr{x,s) ^ ^ 

By inequality fl 5 UD we have 
nkilCX) < Co 


+ln 


/ 

Jr{x,s) ^ j^Qi^ 


+ HWAUC, I?, 


|r(H-e) 




< Co + In 


/ exp 1 

C,N{p,f + X\J\\ooC,Y.\iy\^ 

/r(x, 5 ) y -^Qf, 

y&Aj 


nQ^(d7,C) 
^Q^{drjX) 


for any e such that 2+e ^ <p and r(l+e) < g, that is, e E[{p — 2) \ r — 1] 

Observe that {p — 2 )~^ < r~^q — 1 because of condition ([ 23 j). Then 


nk{IC,C) < Co + In 


/ exp < 

aYD 

Jr(x,s) 

^ jedk 


m%r+Y i^» 


y<^Vj 


^Qic(dvX), 


where D = Pmax {C5,/ 3 || JII00C4}, which implies that 

nk{}C, C) < Co + In /" TT (exp{aF(?7j)})^ (). 

Jr{x,s) j^Qj^ 

Observe that the constants C4 and C5 are independent of a and assume 
without loss of generality that a > max {C5,/ 3 || JII00C4} Vq. Then DNq < 1 , 
and we can apply the multiple Holder inequality, which yields 


/ n (exp{a^(%)})^ < n ( / exp{aF(%)} U^^idfiX) 

ir{x,s) \Jt{x,s) 
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Therefore 


nfc(/C,C) <C'o + /^5^n,(/C,C) 

j£dk 

= Co + aD Y.F&) + Dj2ni{K,0 (40) 

j&dk j£dk 

jiK jetc 

Fix arbitrary ko E )C and a > 0 such that e°‘’^DNo < 1, where ■d = 
supfcggd maXj^Qk \j — k\. Multiplying both sides of inequality (1^ by 
and taking into account that 

- 1^0 - ^1 < \j -k\- \j -hoik'd - \j - ko\, 


we obtain the estimate 


< Coe-"l^°-^l + e^^aD ^ 

jGdk 

+ ^ nj(/C, (41) 

jedk 

jeK. 


Observe that 


sup V nj(/C, < N{dk) sup ) 

fce/c fcex: ^ 

ie/c 

<iVo sup(nfc(/C,C)e-“l"°-"l 

fcGK; ^ 

Applying supremum to both sides of inequality flTTD we can see that 


sup fnfc(/C, < Co + e^^aD V 

fce/c V ^ 

+ e“’^OiVoSup , 

haic. V / 


so that 

(1 - e^^DNo) sup (nfc(/C, < Cq + e"’’aZl V 

fce/c 

< Co + (%) • 
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Thus 


< sup (?7,fc(/C,^)e 

k&K. 

< (1 - e'^^DNo)(Co + {^Qh}) ’ 

which implies that 

lim sup UkoilC, C) < e"’’ (l - e°‘'^DNo) ^ Cq, 

since 

(%^) ^ 0 . 

Passage to the limit as a —?■ 0 shows that 

lim sup nfco(/C, C) < (1 - DNo)~^ Co{a) =: T(a), 

K./'TA 

which completes the proof. □ 

Corollary 13 For any cubic domain A and A G M, there exists C(A, N) < 
oo such that 


limsup [ F^{dj\C) < C(A, A) < cx), 
ic/'Z‘i Jr{x,s) 


where C(A, A) can be chosen uniformly for all ( G r*(A, S). 


4 Existence of Gibbs measures 

In this section, we use the estimates obtained in Section [3] in order to 
prove that, for any rj G r*(A, S'), the family of Gibbsian specihcations 
{Ha {dil\ v)}a€Bc{x) contains a cluster point. 

We dehne the set 

Tt := {7 e r(A, : F ( 7 a J < T} , T > 0. 

Observe that for any set A G Bc{X) there exists a constant ca such that 

A^(7a) < caT, 7 e fr, T > 0. (43) 
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Definition 14 We say that a family of probability measures 
r(X, S') is locally equicontinuous (LEC) if for any A G Bc{X) and any se¬ 
quence ^ 'SA(r(X, S)), Bn i n ^ oo, we have 

lim lim sup pm {Bn) = 0. (44) 

mGN 

We equip the space V{T{X, S)) of probability measures on r(A, S) with 
the following local set convergence: 

p, ^ /i iff pin{B) ^ p(5), n ^ cx), 5 G BUT{X, S)). 

Observe that the local set convergence is equivalent to convergence in the 
space [0,1]-^°, where Xq := Bioc{^{X, S)). 

Theorem 15 (cf. ITSi. Prop. 4-9]) Any LEC family of probability measures 
{/iTvjjvgj^ on r(A, S') has a cluster point, which is a probability measure on 
T{X,S). 

Proof. It is straightforward that the family {/ivlArg^ contains a cluster 
point pi as an element of the compact space [0,1]-^°, and pi is an additive 
function on Xq. The LEC property (01]) implies that /ia := p^p. is cr-additive 
on each Xa ;= Ba{L{X, S)). Thus {hA}AeBc(v) fomis a consistent (w.r.t. 
projective maps d?])) family of measures and by the corresponding version of 
the Kolmogorov theorem (see [32l Theorem V.3.2 ])) generates a probability 
measure on (r(A, S'), B{T{X, S))), (which obviously coincides with p). □ 

Corollary 16 There exists a subsequence such that pm^ ^ p, 

k ^ oo. 


Let {Am}j„gj^ C Bc{X) be any increasing sequence of sets such that 


X, m ^ oo, and introduce the notation 11^ 


Cj : 


:=n, 




Theorem 17 Eor any ( G r*(A, S') the family is LEC. 

Proof. Fix A G Bc{X) and {i?n}„gN as in Definition (TH It is sufficient 
to prove that Ve: > 0 there exists mg and Uq such that 


for any m > mg and n > ng. 
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First, we will fix T > 0 and estimate the corresponding measures of the 
sets and n ^F^j . Using bounds fIMD and ([35D, inequality fll5]) 

and obvious estimates l^xT < cF (r;), \crx\'' < cF ( 7 ) that hold 

for some constant c > 0 , we obtain the inequalities 

(hA U 7 Ac)exp { - Ha{va It)} < exp {B'^T + MT^} 

and 


(7a U 7a=) exp { - 1^)} 

< exp {II J|loo[3T Z i&i"+r E {o'xl + 2T‘^Cw] } 
xSrjA a:e7Ac 

<exp{||J|loo[cT2 (4 + 2Uvy)]}. 
Thus there exists a constant a(A,T) such that 

lB„nfT (hA U7Ac)exp{-/3ihA(7A Id) - I^^)} < a{^,T) (45) 

for all 7,7 G F(A, S) and n G N. 

According to Chebyshev’s inequality applied to measure 11^ on F(X, 5) 
we have 


{ 7 GF(X,F):/( 7 )>T} 


C <T 


-2 


E{x,s) 


|/( 7 )rn^ U7IC 


for any T > 0 and / G (r(^, S), him). Setting f ij) = F (^7aj{) obtain, 
cf. Corollary [131 


F 


c 


for any e > 0 and T greater than some T{e, Q. Now we see that 


him Bn 


(46) 


c = n F 


<Ilm 


C + 


C ) + yBn n Ft^ 

^B„r\VT (-Fa) n^m ( dy 


/r(x,s) 


Observe that there exists mo such that ^ A for m > mo- For all such m, 
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it follows from flT^ and consistency property flTB]) of the specification If that 


'r{x,s) 


SnnFT 


(7a) ^midrf C 


T{X,S) L^r(A,5) 


BrinTx 


iVA U7Ac)nA (d7l7) 


d7 C 




/ ^ a ( 7 ) ; ^B„nrT 

'r{X,S) JT{A,S) 


iVA U 7a= 


X exp {-^Ha{ia \v) - /^^ 7 AUr,Ac(cr 7 A 10) (^fi'(c^crx) XidT].)Um [dXy 

xG"/. 


Thus by fH5|l and flMjl we obtain 


(^A U7Ac)nA (d^ll) < a(A,T)A(5„) < e 


^r(A,s) 

for n greater than some n{e,T). Hence, 


'r{x,s) 


BrinTx 


(7a) (dj c) < £• 


Combining this with estimate fl46p we can see that Ve > 0 and m > mg, 
n>nQ = n{e/2,T{e/2)) we have 


him ( Bn 


C ) < ^/2 + e/2 — e. 


The proof is complete. □ 

Now we are in a position to prove our existence result. 

Proof of Theorem [21. It follows from Theorems [15] and [T7| that for any 


C G r*(X, S) the family < Hm ( d/y 


mGN 


has a cluster point /i = /i(C) G 


P(r(A, S')), so that there exists a subsequence Am-, j G N, such that 




hm n 

j^oo 



(47) 


for any B G Bioc(r{X, S)). Standard limit transition arguments and the 
consistency property (ITHl) of the specihcation H show that n satishes the 
DLR equation (ITT)) and (ITT)) , hence the result follows. □ 
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5 Uniqueness of Gibbs measures 

5.1 Lattice representation of the model 

Let Q := r((5o, S), where Qo is the closure of the elementary cube Qo cen¬ 
tered at the origin. Consider the product space A := = Ylk&Z'i Qk,Qk = 

Q and equip it with the product topology and the corresponding Borel a- 
algebra B{A). By Section A.5 in |23] and Remark 4.A3 in [TB], {A,B{A)) 
is a standard Borel space. For k G let be the projection of u 
onto Qk- By construction, B{A) is generated by cylinder sets • = 

{uj & A\ ujki e bi, ■■■,ujk^ G bm}, bi, ...,bm G B{Q). Consider also the cylin- 
der sets -{7 6 r(X, S) : -k, e b,, 1 < I < m] e B(T(X, S)). 

Dehne the map 

T ; r(X, A) 9 7 ^ T( 7 ) = odeA 

where u) = {oJk)f.^^d and = 7 H (^Qj^ x S) — k G r(Qo)>S'). We use 
the notation rf — a = { ..., (x — a,s), ... } for a marked conhguration rj = 
{ ..., (x, s), ... } G r(X, S) and a E X. 

Remark 18 Observe that in our notations Qk is the k-th copy of Q = 
r((5o, S), so that Qk 7 ^ r((5fc, S). These spaces are isomorphic via the trans¬ 
lation by k. 


Lemma 19 (i) T : r(X, S) ^ A is measurable; 

(ii) T{B) G B{A) for any B G B{T{X, S)). 


Proof, (i) Notice that 


T-i 




^ki,...,km 
^bu...,bm ’ 


which proves the statement. 

(ii) For a compact A C X and b G i3(F(A, S)) consider the cylinder set 

Ba,, := {7 e F(X, A) : % G b} G So(F(X, A)). (48) 

Assume that A C \JfLiQki- For i?A,6 dehned by fl45]) we have 

T (Ra,6) = {O E a : -f ki) E b} , 

which is measurable. □ 

Thus, for any /i G V{T{X, S)) we can dehne its push-forward image T*/i G 
V{A), where V{A) is the set of all probability measures on A. 


20 


Lemma 20 The map T* : V{T{X, S)) —)■ V{A) is injective. 

Proof. Let E V{T{X, S)) and p. v. Then there exists B G B{T{X, S)) 

such that p{B) ^ t^{B). By Lemma fT^ A := T(B) G B(A). The injec¬ 
tivity of T implies that T~^{T{B)) = B. Thus T^,p{A) = p{T~^{A)) ^ 
i'{T~^{A)) = T*z/(y4), and the statement is proved. □ 

Let A! := T(r(X, S)). Dehne a family of one-point states 
m = {mfc( ■ Icj), k G G A'} on A by the formula 

mkib\u) =pk{b + k\T-^u) , be B (r(g, S)) , 

where pk '■= Pq^ is the local Gibbs state dehned by formula flT^ . and the 
corresponding one-point specihcation ^ k G G .4,'}, where 

Pk{B |(h) = {T-\B) \T-^od) , BeB{A). 

It is clear that mk{- |a)) coincides with the projection of pfc(- |a)) onto the 
k-th component of the product space A. Observe that, by construction, all 
measures pfc(- |a)) are concentrated on 4.'. 

Remark 21 Consider the set 

f (X, S) := {7 G T{X, S)\ -fndQk = 0, Vfc G } G B{T{X, S)). 

The space Al := T(r(X, S)) can easily be identified with the space , where 
Q := {7 e r(g. S') : 7 n ((g \ g) x s') =0}. Moreover, from the properties 
of the marked Lebesgue-Poisson measure we can deduce that A(r(X, S')) = 1. 

Lemma 22 For any k e lA we have the following. 

(i) Measure xnk{dg\u}) has the form 

mk{dg\u) = 

where Hkifi |w) = -|- k \T~^u), q G r(g, S) and Z is the normal¬ 

izing factor; moreover, Z = ZQfiT~^u) (cf. /fl^) ). 

(a) Assume that = Ugf,, where dk is defined in Sec. \2.3[ Then 
mk{dq\uj^) = mk{dq\uj'^). 
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Proof. The statement immediately follows from the dehnition of measure 
mk{d^\0) and energy function cf. flTU]) . and properties of measure 

□ 

We denote by and the set of probability measures g G Vi^A) which 

are consistent with the specihcation fp, that is, q{A') = 1 and 


'A 


pk{B \u:)Q{du:) = q{B), B G B{A). 


Lemma 23 Let ^ E Q. Then G 


(49) 


Proof. By construction, T^^{A') = 1. The consistency property fl4^ follows 
directly from DLR equation (fT7|) . □ 

The next statement is crucial for our approach. 

Proposition 24 We have N (Q) < N (Wl(^)). 

Proof. Follows directly from Lemmas EUl and 12^ □ 

Thus, in order to show that Q contains at most one element, it is sufficient 
to prove that M.{^) does so. 

The next statement is an adaptation of [5l Theorem 2.6] to our setting. 
This result originally appeared in the work of Dobrushin and Pechersky |12] . 
see also [331 Theorem 4] and [31 Theorem 3], where its application to the case 
of interactions in continuum is presented. Denote by d^ar the total variation 
distance between two measures on Q, that is. 


dvar{0l,02) ■= SUp^gg(Q) \0l{A) - 92{A)\ 

and by dd the discrete distance between two elements of Q. Fix a measurable 
non-negative function h : Q —)■ M and set 


Mh{^) := S P e A4(^) ; supfcggd / h{uk)g{du) < oo L 


JA 

Theorem 25 Assume that the family of one-point local Gibbs states {mfc(d?|cu)} 
satisfies the following conditions: 

• there exist a big enough constant L > 0 and sufficiently small constant 
I such that 


dvar (mfc(d<^|a;^),mfc(d<^|a;^)) < I ^ dd{ujj,uj]), 

j£dk 


(50) 


for any k eTA and all boundary conditions satisfying the relation 

h(a)j), h{oj^) < L, for any j E dk; (51) 
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• there exists a sufficiently small constant c such that 

/ h{^k)vcikid^\oj) < 1 + c ^ h{uj) (52) 

j&dk 

for any k G and all boundary conditions uj. 

Then N {Mh{^)) < 1. 

Remark 26 • The result /2l Theorem 2.6] is more refined in that precise 

bounds on the parameters L, I and c are given. 

• Note also that this result is stated for particle systems in a discrete set¬ 
ting (i.e. lying on a graph), hence the need to define the corresponding 
lattice system. Moreover, the precise bounds on the parameters depend 
on the geometrical properties of the graph. Furthermore, L is completely 
determined by the other parameters. 

Remark 27 It is important to observe that if fx ^ Q, then T*yU is also sup¬ 
ported by a smaller set of tempered configurations, namely 

A^-.= \u&A : \u:\a := sup exp{—a|/c|}/i(a;fc) < oo, for some a > 0 

Moreover, by |F7| ) it will be easy to see that T*/i satisfies the exponential 
moment estimate 

sup / exp |a/i(a;fe)}T*/i(£u) < cxo, a G M. 

Hence T*/i G 

5.2 Proof of the uniqueness 

In this section, we prove sufficient conditions for the uniqueness of tempered 
Gibbs measures due to small interaction and small activity parameter for¬ 
mulated in Theorem [3l We will use the lattice representation developed in 
the previous section and Theorem 1251 

Proof of Theorem [3l We check conditions of Theorem [25] for the 
corresponding lattice model through the following two results. 

Lemma 28 Let 0 < /? < /Sq- Then one can find a measurable non-negative 
function h : Q —)■ M and a small enough c > 0 such that for every k & if 
and any boundary condition oj & A, is satisfied. 
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For h given by Lemma [2H] we can prove now the other condition in The¬ 
orem [251 

Lemma 29 For some big enough L > 0 one can find Jo = Jo{fio) and 
zq = ^o(fio) such that at all values (3 < fio, ll'^lloo < Jo and z < zq holds 
for any boundary conditions satisfying / f37]) . 

This completes the proof. □ 


6 Appendix: proofs of auxiliary results 

Proof of Lemma [ 8 l By the dehnition of conditional energy \v) we 

have 


Hqfi'yklv) = ^$(x,|/) 


x&'yu jedk 
y&Vj 


< 


jGdk 


< - (A^Niy,)’’ - B^N(yO) + !fN(dk)N{y,f + 


-AiNOitf + + 

j£dk 


j&dk 

M 

y 


and the proof is complete. 


□ 


Proof of Lemma IIOL By dehnition (ITTH of conditional energy fnnction 
^lk,V (cTfc 1 ^) we have 


< IVII. 




{^,y}^Zk 


xG'jk j€dk 
y&Vj 


— II ||oo 


< 


+kj/T+ Cw) + (i<^xr+i^r+ c^ 

{x,y}£"n, 


W) 


xG'jk jedk 
y&Vj 




' jedk 


( y^ +2iv(7fc) j Y 


N{lk) 


iV(7fc) - 1 


jedk 

y&Vj 


jedk 


w 


(53) 
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Observe that = 1. Fix arbitrary pi,p 2 > 0 and let be p'l, p '2 such 

that — + 4- = 1, /c = 1,2. In what follows, we will estimate each of the 
three terms (l53l) by Holder’s inequality. 

For the hrst term we obtain: 


:= f XI + 2iV(7fc) j X = X X |f^xr+2iV(7fc) X lo 

\jedk / x<E')k jedk xe7fc xG^fk 


< 


jGdk xG'fk 


E 


cr. 


|r(l+£) 


+ + TT 7 E 


1 + 


^.T 




1 + 5 




< 


1 + e~^ I + e 

jGdk x^^lk 

__ N(^Ap^ H_ ^ 


T 


+ + 


jedk 

2+,-. , N(ak) + 2 


1 + 5 

The middle term can be estimated as follows: 


1+5 


E 

x^ik 


(Tn 


|r(l+£:) 


^2 - A'( 7 t) E i«xr = E i^»i' 


jGdk 

y&Vj 


jGdk 

y&Pj 


S 5ft E^h‘)‘^‘- + T5E 

jGdk jGdk 

yGrjj yGrij 

1 ... 1 


1 + e-“ E ^fe)^h-=)‘+''‘ + ITT E l«»l 

j€dk jGdk 

y&Pj 


r-(l+£) 


£ (r+F 5: ^fe)«+ 7 Ti 5 iTv E 5: |J,| 


r’(l+£) 


jedk 


(1 + £ P 2 


jedk 


1 + £■ 


jedk 

y&Pj 


{1 + e 1 ) p 2 ^ 


E ^(’feF+ (1+J-) NOk)N(j,p-‘-y^+^ Y i«.i 


r-(l+£) 


jedk 


^ ^ jedk 

y(^Vj 
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Finally, for the last term we have the inequality 

^3 - iV(7.) (+ E iV(3fe)) 

\ j&dk J 


< 


Cw 


- iV(7fc)) + CwN{^u) Y. 

jGdk 

(iV(7,)2 - iV(7fc)) + ^N{dk)N{-f,y^ + ^Y 

P^ jedk 


In order to simplify the expressions above, we set 

Pi = P2 = 2 + £ p3 = 2. 

Then 

Pi(l + ^ ^) = P2(l + ^ y = 2 + e \ p 3 = ‘2- 
Using these values, we obtain the following inequalities: 


74i < 


{l + e-y{2 + e-y 

^ ^ N(dk) + 2 ^ 

-U P f ^ 


1 + e~^ 


(54) 


a:67fc 


Ao < 


(1 + ,-.)(2 + .-.)E/(% 


)2+£ 1 -L 

2 + £ 


—N(dk)N(jky+^- 


1 -\- £ 


(55) 


jadk 

y&Vj 


A 3 < 


Cw 


{Nhtf - /V(7j) + ^N(dk)N('„f + ^ /V(>)„ 

j£dk 


c 


w 


Thus we have the estimate 

101 < 


((1 + Nidk)) 7(7»)= - 7(7,)) + ^ E (56) 

j&dk 


C'ifV(7fc)'+""+C2 iV(7,.)2+^"VC3 

(- j'eafc x&ik 


(T T- 


r(l+e) 


+ Ci 'Yi 10 


r(l+e) 


j€dk 

y&rjj 
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for constants C'i,...,C 4 explicit form of which can be seen directly from 


inequalities (E 1 I)-(ES]): Ci = (i+g-q°2+g-i) + 2^ + ^(2 + ^o), <^2 

1 j_ 1 _i_ Cw _ A''o+2 ry _ 1 

2+£-i (l+e-i)(2+e-i) ' 2 ^ 1+e ’ ^4 • 


□ 


Proof of Lemma I28L 

Let F := F oT. Let us notice that, by a simple change of variables 


CF{qk)mk{dq\uj) = / CF{%)ij,k{drfk\T w), 


for any positive constant C > 0. 

The application of Jensen’s inequality to (I5UD shows that 


'Tk 


F{%)fJ^k{d^k\v) < a C'o(/3,a) 


j£dk 


y&vj 


which in turn implies the bound 




CF(jk)fJ^k{d%\^) < 1 + c ^ CF{^,j) 

j£dk 


with constants C := aCQ^{f3,a) and c := max{C 5 ,/3||711001^4} for any 
a > 0, so that c can always be made arbitrary small by the appropriate 
choice of a. Thus, we can choose h = CF and hence condition 0521) holds. 


□ 


Proof of Lemma 1291 Fix 0 < / < 1 and let u)^,uj‘^ be such bound¬ 
ary conditions satisfying fl5T]) . Again, by a simple argument of change of 
variables, it is easy to see that 

dvar ), tTlfc((i<^|cU )) duar(^f^k(^d'yk\T UJ ),/ifc(dyfc[T UJ )). 

Let rj := T~^Cj^ and 6 := Condition fl5T]) implies F{fi) < L := 

C~^L, which in turn means that N{r]k) < L and Yhx^rij F L,rj = 

The general formula for computing the total variation distance between 
two probability measures with densities with respect to a given measure gives 
the inequality 


2 ) ; = 


dvar {r-kidrjkW), r‘k{drfk\0)) 





exp{-/3iLfc(7fc|^)} K^lk) 
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Multiplying the right-hand side by the expression 
by elementary calculation that 


Qk 


Tk 


D < min ( Zq^{ 9) ) j exp{-/3ihfc(7fc|h)} - exp{-/3ihfc(7fc|6')} K^Hk) 


For simplicity we let ?7 = 0 outside Qj for a. j E dk and 6* = 0. Then 
ZQkiO) = 1, so that 


D < 




exp{-/3h/'fc(7fc|h)} - exp{-/3h/'fc(7fc|^)} K^lk) 

exp { - /3[ihfc(7fc) E^k i^k )]} X 


'rfc\{0} JS-f 


X 


1 - exp I - /3 [ ^ (<F(a:, y) + J^yW{a^, Q) | X{d%) 


x&ik 

y&Vj 


Denote J := || J||oo- 

In what follows, we give separate estimates for the factors in the right- 
hand side of the above inequality. The (A2) assumption given by flT^ and 
Lemma [10] imply that 

exp{-/3iLfc(7fc)} < exp{-,dA$iV(7fc)^ + PBq>N{'yk)}, (57) 

and 

eM-(3E^ki^k)} < exp{(3JC,N{^,f+^-" + fdJC^ ( 58 ) 

x&'Yk 


respectively. 

For the last factor, we use a few computation tricks. Write ^{x,y) = 
^^{x,y) - ^~{x,y)aiad W(ax,Cy) = W^{a^,iy) - where sub¬ 

scripts and “ denote the positive and negative parts of the corresponding 
function. Applying the elementary inequality 

n 

< (e“ - 1) + ^ |1 - e““‘|, 

^=1 
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exp a 


i=l 











where n ^ N and a, a* > 0,1 < i < n, we obtain 


|1 -exp{-/3[^(<l>(a:,|/) + JxyW{a^,Q)]}\ 

y&Vj 

< exp + JW~{a^,Q] \ - 1 

t xe7fc ^ 

y&r]j 

+ |1 -exp{-/3($+(x,|/) + J^hh+(cT^,4))}| 

y&Vj 

< exp |/3[MLiV(7,) + JLY, + JL[L + Cw)N{-fu )]} - 1 + LN{-fk), 

xG7fe 

where the last inequality is obtained knowing that $“ < M and using the 
known bounds on the boundary conditions. 

We also know, from assumption (A4) (see fl^T]) ). that 

/ ^xG'Tkdid^^x) < / exp{-av'^\(Tk\'‘'"+ bvN{'jk)}da^. (59) 

Using assumption fl^ and relations fl57)) - fl5^ we obtain 

D < /i + /2, (60) 

where 


di -= / exp l-(3[Hki'yk) + E^kif^k)]-av^Wkl'^^+bvN{'yk) 

dr.m Js-< [ 

X l^exp {f3[MLN{jk) + JLJ^ + JHL + Cw)N{jk)]} - l) (S)-ejkd^-Kdlk) 
and 


xG7fe 


Is := / / LN{'yk)exp{-/3[Hk{'yk) + E^Mk)] 

Jrk\m Js-/ 


- ay ^ lo-fcl'''" + 5yiV(7fc)} x&^ud(^xKdlk)- (61) 


xG7fc 
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We start by estimating I 2 . We use again relations flFr|) and fISS]) . 


h < 


'rfc\{0} Js~i 

X exp <( (3 


LiV(7fc)exp {-/3A<i,iV(7fc)^ + /35$iV(7fc)} 

+ jc^ Y. 

a;G7fc 

< -av Y + bvNi'yk) 

I ose'Tk 


X exp 


td'^f.dcrx^{d'3 k) 


In what follows, we will use Young’s inequality in the following form 


Xa yb^b ,,11 

xy < - 1 ——, for any e > 0 and a, b s.t. —h -r 

ae“ b a b 


1 . 


( 62 ) 


Consider now only the factors depending on ax- exp{l3J'Cs J^xe^yt “ 

^'PPly Young’s inequality in the form fl62|) to 

obtain that 

^jcs Y < Cl+C2 \axr 

xGyk x&lk 

for some constants Ci and C 2 . Choosing e properly, one can make C 2 < ay. 
Then there exist constants Di and Z)i, with Hi > 0, such that 


expl/^jyCg^x e 7fc|cTa,|'’(^+^^ -^vY 

< exp{/ 3 jyY( 7 fc)Hi} • exp{-Hi Y 

x&ik 

Take now the factors depending on ^( 7 ^.), including the one obtained in the 
right hand-side of the inequality above: exp{—/ 3 y 4 <i,Y( 7 fc)'^ -|- N{'jk)iPBq, + 
by + jdJDi) + /Sj 7 ’ciY( 7 fc)^+^ }. In the same way as above, one can apply 
twice Young’s inequality with properly chosen e, to obtain 


exp{-/3kl$iV(7fc)^ + Y(7fc)(/3H$ + 6y-h/3^Hi)+/?jyciY(7fc)2+-"^} < expHs, 


for some positive constant D 2 . Hence 


I 2 < 


'^k\m 


N{lk) 


f exp I -7 E 

I .ex. 


CTn 


\<}V 


<^xeyk dxX{d-fk). 
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Since exp{— J2x€-yk Iintegrable with respect to the Lebesgue mea¬ 
sure, there exists a constant such that 

I2<D, [ = D.f^j ■ = zD,\Qk\e^\Q>^^. (63) 

Jr,\m ^ j! 

We proceed in a similar way to estimate Ji, but hrst notice that 


exp < f3 


MLN{jk) + JLJ2 + Cw)N{^k) 




X exp { 13 


MLNi-fk) +JLJ2 l^-r + JL{L + Cw)N{-ik) 


a; 67 fc 

MLiV(7fc) + JLY, + JL{L + Cw)N{-fk) 

xG7fc 

<Hi + H 2 , 


where 


H, := l3N{-fk){ML + JL{L + Cw)) exp{^[MLN{-fk) 

+ JLJ2 + JL{L + Cw)N{jk)]}, 




H2 := PJexp{P[MLN{-fk) + + JL{L + Cw)N{-fk)]}. 


Therefore 


h < 


/rfc\{0} Js-> 


exp{-l3[Hk{'jk) + E^^{ak)]}Hi ®x&-tk d(TxX{d-fk) 


'rfc\{0} ds-f 


exp {-(3[Hki'yk) + E^^{ak)]} H2 ®x&^k da^Xidjk) 


Consider now the hrst integral, let us denote it by Xi. By separating the 
factors depending on ax and applying Young’s inequality ([62]), and then 
doing the same for the factors depending on N{'yk), we can prove that there 
exists a constant such that 


Xi < zD^lQkle^'^’^^. 


(64) 
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We can repeat this procedure for the second integral (denoted by X 2 ) and 
obtain the estimate 

X 2 < D,J [ Xid'jk) = - 1) (65) 

^rfc\{0} 

for some constant Dq. Putting together fl60|) . fl63|) . fl64|) and fl65|) we obtain 
the estimate 

2 ) < - 1 ), 

and the result follows, since we can take 2 ; and JT small enough to make 2) 
smaller than 1. An application of the triangle inequality implies the required 
bound for more general boundary conditions. □ 
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